Abstract. We establish the unicity of types for depth-zero supercuspidal representations of an arbitrary p-adic group G, showing that each depth-zero supercuspidal representation of G contains a unique conjugacy class of typical representations of maximal compact subgroups of G. As a corollary, we obtain an inertial Langlands correspondence for these representations via the Langlands correspondence of DeBacker and Reeder.
Introduction
Let G = G(F ) be the locally profinite group of rational points of some connected reductive algebraic group G defined over a non-archimedean local field F (for brevity, we call such groups p-adic groups). The group G naturally acts on a certain Euclidean polysimplicial complex, the (enlarged) building of G, and the isotropy subgroups of the simplices under this action form important compact open subgroups of G. These groups naturally occur as the groups of integral points of certain group subschemes of G which, in general, will not be connected; the groups of integral points of their connected components are known as parahoric subgroups. Recall that a (smooth) irreducible complex representation π of G is said to be of depth zero if it contains a non-zero vector which is fixed by the maximal pro-p normal subgroup of some parahoric subgroup of G (its pro-unipotent radical ).
In [Lat16] and [Lat15] , the author described a conjecture on the generalization of the unicity of types, previously considered by Henniart and Paškūnas in the case of general linear groups [BM02, Pas05] , to the supercuspidal representations of arbitrary p-adic groups. Let us briefly recall how this generalization should look. Given a supercuspidal representation π of G, a type (J, λ) for π is an irreducible representation λ of a compact open subgroup J of G such that an irreducible representation π ′ of G has a non-zero λ-isotypic component if and only if π ′ is isomorphic to an unramified twist of π. In the aforementioned papers, we introduced the notion of an archetype for π: these are G-conjugacy classes of types for π which are defined on maximal compact subgroups of G. It is conjectured that each supercuspidal representation π of a p-adic group G should admit at most one archetype on each conjugacy class of maximal compact subgroups of G. The goal of this paper is to establish this result in the case that the representation π is of depth-zero.
Moy-Prasad and Morris have independently constructed pairs (G x , σ) contained in each depth-zero supercuspidal representation π of G [MP94, MP96, Mor99] . These pairs are types in a slightly more general sense than that described above: they are types for a finite number of depth-zero supercuspidals, and through a "refinement" process, produce types in the above sense. We refer to these types as unrefined depthzero types, and to their refinements as refined depth-zero types. Our main technical result is to show that any type which behaves like an unrefined depth-zero type must indeed be isomorphic to one:
Theorem. Let π be a depth-zero supercuspidal representation of G, and let (G x , σ) be an unrefined depth-zero type contained in π. Let G y be a maximal parahoric subgroup of G, and σ ′ an irreducible representation of G y . Suppose that (G y , σ ′ ) is typical for the finite set of supercuspidal representations associated to σ. Then (G y , σ ′ ) is conjugate to (G x , σ).
The point of this result is that it establishes "unicity on the level of parahoric subgroups". The proof of this result is completely explicit -we examine the irreducible subrepresentations of π ⇂ Gy , which fall into two families: the unrefined depth-zero types (which occur when G x = G y ), and the other representations, which we expect to be atypical. For each of the representations τ in this latter family, we construct a finite set of unrefined depth-zero types defined on a maximal parahoric subgroup of a proper Levi subgroup of G. Morris has explicitly constructed covers for such types (in the sense of [BK98] ); we choose an appropriate cover for each of these types, which gives us a finite set of representations of non-maximal parahoric subgroups of G, and show that any such representation τ must intertwine with one of these covers, and hence cannot be typical.
While this is a strong result in the direction of unicity, a bit more work is required in order to deduce our conjecture on the unicity of types. If G is semisimple and simply connected as an algebraic group, then the maximal parahoric subgroups of G coincide with the maximal compact subgroups of G, in which case the above result reduces precisely to our desired unicity of types result. However, for arbitrary p-adic groups there are maximal parahoric subgroups which are not maximal as compact subgroups. The maximal compact subgroups of G all normalize some parahoric subgroup of G, although they may not normalize a maximal parahoric subgroup. If a maximal compact subgroup K of G does normalize some maximal parahoric subgroup, then K is the maximal compact subgroup of the G-normalizer of K. We first need to show that one cannot have a type for π defined on a maximal compact subgroup of G which does not normalize a maximal parahoric subgroup of G. Having done so, we assume that the maximal compact subgroup K contains a maximal parahoric G x , and, given a type (K, τ ) for π, show that the restriction to G x of τ is isomorphic to a sum of unrefined depth-zero types.
These results are heavily dependent on the explicit nature of our result on the typical representations of parahoric subgroups: they require us to make use of our explicit identification of non-cuspidal representations in which the atypical summands of π ⇂ Gy are contained. Combining these two results with our unicity result on the level of parahoric subgroups, it is a simple matter to deduce our main theorem:
Theorem (The unicity of types for depth-zero supercuspidals). Let π be a depthzero supercuspidal representation of G. The refined depth-zero type associated to π by Morris is the unique archetype for π.
In the previously known cases (of GL N (F ) and SL N (F ) in [BM02, Pas05, Lat16, Lat15] ), such unicity results have led to instances of the inertial Langlands correspondence. Here, we are also able to obtain an inertial Langlands correspondence, under the assumption that the correspondence constructed by DeBacker and Reeder in [DR09] is the unique correspondence satisfying all of the expected properties of the local Langlands correspondence. In section 7, we give a short summary of this construction. We emphasize that our approach relies heavily on the explicit nature of the DeBacker-Reeder construction. In particular, this means that we are only able to describe the inertial Langlands correspondence for those Langlands parameters which DeBacker and Reeder call tame regular semisimple elliptic Langlands parameters.
Theorem (The tame inertial Langlands correspondence for supercuspidals). There exists a unique surjective finite-to-one map from the set of archetypes contained in regular depth-zero supercuspidal representations of G to the set of restrictions to inertia of tame regular Langlands parameters for G, which is compatible with the depth-zero Langlands correspondence of DeBacker and Reeder. The fibres of this map admit an explicit description.
The manner in which the fibres of this map are uniformly related to the L-packets requires a rather technical setup incorporating all of the main results of this paper; the key observation is that two Langlands parameters have isomorphic restrictions to inertia if and only if the representations in the corresponding L-packets contain the same unrefined depth-zero types. We do not elaborate further here; see Theorem 8.1.
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Notation
We let F denote a non-archimedean local field, i.e. a locally compact field, complete with respect to a non-archimedean discrete valuation v F and with finite residue field. Let O denote the ring of integers of F and p the maximal ideal; denote by k = O/p the residue field.
By a p-adic group, we mean the group of rational points of a connected reductive algebraic group defined over F , equipped with its natural locally profinite topology. Given a closed subgroup H of a p-adic group G = G(F ), let Res We will be concerned with the representation theory of G and its closed subgroups. In this paper, representations of such groups will all be smooth and complex: by a representation of a closed subgroup H of G, we mean a complex vector space V and a homomorphism H → Aut C (V ) such that the stabilizer of each point is an open subgroup of H. The collection of all such representations, together with H-equivariant morphisms, then forms an abelian category, which we denote by Rep(H). We write Irr(H) for the set of isomorphism classes of irreducible objects in Rep(H); and will occasionally abuse notation by identifying a class in Irr(H) with a choice of representative.
We will denote the left-action of conjugacy by an element g ∈ G by g ·; so if H is a subgroup of G then g H = gHg −1 and, given a representation σ of H, we write g σ for the representation g σ(gxg
Some Bruhat-Tits theory
We begin by recalling some of the basic constructions from Bruhat-Tits theory which we will need in later sections. Unless specified otherwise, we will follow the constructions from [SS97, Section 1].
Affine apartments
We begin by fixing some notation, which will remain in place for the rest of the paper. Let G be a connected reductive group defined over F with Lie algebra g, and denote by G = G(F ) the F -rational points of G, taken with its natural locally profinite topology. Let S be a maximal F -split torus in G, which will contain the split component Z 0 G of the centre of G. Let T denote the centralizer in G of S; then T is a minimal F -Levi subgroup of G. Let Φ ⊂ X * (S) be the complete root system for G relative to S, and let Φ aff denote the corresponding set of affine roots: the elements of Φ aff are then of the form ψ = φ + n, for some n ∈ Z, and there is a gradient function ψ →ψ from Φ aff to Φ, given by φ + n → φ. Let W G be the Weyl group of G, i.e. W G = N G (S(F ))/T(F ), and let W aff G = N G (S(F ))/T(O) denote the affine Weyl group. LetΦ ⊂ X * (S) be the set of coroots dual to Φ, and denote by φ →φ the natural duality between Φ andΦ.
Since Z 0 G is a subtorus of S, its cocharacter lattice identifies with a sublattice of the cocharacter lattice of S. Definition 3.1. The (affine) apartment associated to the maximal F -split torus S of G is the Euclidean space
Note that A (G, S) naturally inherits the structure of a polysimplicial complex from the underlying quotient lattice.
Root subgroups
To each root φ ∈ Φ, we may associate a root subgroup: we let U φ denote the unique smooth connected F -group subscheme of G such that U φ is normalized by S and such that Lie(U φ ), together with its natural S-action, identifies with the weight space g φ + g 2φ ⊂ g. We then write U φ = U φ (F ).
The apartment A (G, S) admits a natural action of N G (S(F )). Indeed, let v :
To each point x ∈ A (G, S), we may associate a subgroup of U φ . A root φ ∈ Φ naturally induces a linear form A (G, S) → R, as well as an involution s φ ∈ W G , which acts on
where it is to be understood that U φ,∞ is trivial. Each x ∈ A (G, S) then induces a function f x : Φ → R ∪ {∞} by φ → −φ(x); we let U x denote the subgroup of G generated by the U φ,fx(φ) , as φ runs through Φ.
More generally, to each affine root we may associate a similar root subgroup: for
Here αψ is the unique affine function on A (G, T) with gradientψ which vanishes on the hyperplane of points fixed by v(m(u)).
The affine and enlarged buildings
We now impose the temporary assumption that G is F -quasi-split. We define an equivalence relation ∼ on G × A (G, S) by saying that (g, x) ∼ (h, y) if and only if there exists an n ∈ N G (S(F )) such that nx = y and g
As G is quasi-split over some finite unramified extension, we define the building in general by Galois descent. Let E/F be a finite unramified extension over which G becomes quasi-split. Then the natural action of Gal(E/F ) on G(E) extends to an action on B(G(E)).
Definition 3.2. Let E/F be a finite unramified extension over which G quasi-splits. The (affine) Bruhat-Tits building of the p-adic group
This space then carries a natural action of G via left translation. Here, the simplices in B(G) are inherited from those in the apartments A (G, S). We call such a simplex a facet.
In the case that Z G (F ) is not compact, it will be more convenient for us to work with a slight modification of this building. Denote by V 1 the dual of X * (G) ⊗ Z R.
Definition 3.4. The enlarged Bruhat-Tits building of the p-adic group
Say that a facet of B 1 (G) is a subspace of the form V × V 1 , where V ⊂ B(G) is a facet in the above sense. We adopt the convention that facets in B(G) are closedthe reader should note that some other authors take the facets to be the interior of these simplices (with the interior of a vertex being the vertex itself). We will always make it clear when we wish only to consider the interior. While a point x ∈ B(G) may be contained in multiple facets, there will always exist a unique facet of minimal dimension which contains x; we denote the facet in B 1 (G) associated to this facet bȳ x.
Given a vertex x ∈ B(G), we say that the link of x is the union of the facets in which x is contained.
Parahoric group schemes
In general, the schemesG x will not be connected. The special fibre ofG x will identify with a reductive k-group scheme; the inverse image under the projection onto the special fibre of the connected component of this k-group scheme is then a smooth connected O-group subscheme ofG x , which we denote by G x . We call the connected group scheme G x the parahoric group scheme associated to x. Its group Proposition 3.7. Let x ∈ B(G). Then one has:
One also has an order-reversing bijection between the set of parahoric subgroups of G and the simplicial skeleton of B(G):
. Let x, y ∈ B(G). Then one has G x ⊂ G y if and only ifȳ ⊂x.
In particular, the parahoric subgroup G x does not depend on the choice of point x in the interior of the facet containing x. In the case that x is contained in the interior of a facet of minimal dimension (a chamber ), the parahoric subgroup G x is a minimal parahoric subgroup, which we call an Iwahori subgroup.
In a closely related manner, we may also associate to the interior of each facet in B(G) an F -Levi subgroup of G. The intuition behind this is as follows: if G y ⊂ G x is a strict containment of parahoric subgroups of G, then the image in G x /G + x of G y identifies with a proper parabolic subgroup of G x /G + x . The Levi subgroup M we construct will then be precisely the one such that the image in G x /G + x of M ∩ G x identifies with the standard Levi factor of the image of G y .
Proposition 3.9 ([MP96, Proposition 6.4]). Let x ∈ B(G).
The algebraic subgroup M of G generated by T, together with the root subgroups U φ for those φ ∈ Φ such that some affine root φ + n, n ∈ Z, vanishes onx, is an F -Levi subgroup of G. The group M(F ) ∩ G x is a maximal parahoric subgroup of M(F ), and there is a natural
4. Depth-zero types
Types
Let us begin by recalling the definition of a type, for which it will be convenient for us to recall the Bernstein decomposition of the category Rep(G) of smooth complex representations of G. Say that a cuspidal datum in G is a pair (M, ζ) consisting of an F -Levi subgroup M of G and a supercuspidal representation ζ of M. We say that two cuspidal data (M, ζ) and (M ′ , ζ ′ ) are inertially equivalent if there exists an unramified
. Let B(G) denote the set of inertial equivalence classes of cuspidal data, with [M, ζ] G denoting the class of (M, ζ). An irreducible representation π of G has a unique (up to conjugacy) supercuspidal support, i.e. a unique G-conjugacy class (M, ζ) of cuspidal data such that π is isomorphic to a subquotient of the parabolically induced representation Ind G M,P ζ, where P is some F -parabolic subgroup of G with Levi factor M. The inertial support of π is the inertial equivalence class of its supercuspidal support.
To each s ∈ B(G), we associate a full subcategory Rep s (G) of Rep(G) consisting of those representations all of whose irreducible subquotients are of inertial support s. (
We say that (J, λ) is an S-type if it is S-typical and, given any irreducible representation π ′ in Rep S (G), one has Hom J (π ′ ⇂ J , λ) = 0. In the case that S = {s} is a singleton, we simply speak of s-types.
We will require a slight modification of this definition: the notion of an archetype, which the author introduced in [Lat16] and [Lat15] ; these two papers elaborate further on the motivation behind the definition. Definition 4.3. Let s ∈ B(G). An s-archetype is a G-conjugacy class of s-typical representations of a maximal compact subgroup of G.
We will often abuse terminology and simply speak of a single pair (K, τ ) with K maximal compact in G as being an archetype; it should always be understood that we are considering questions modulo conjugacy (as it is easy to see that any conjugate of a type is still a type).
In the aforementioned papers, the author suggested the following conjecture: This conjecture then naturally raises the question of on which conjugacy classes of maximal compact subgroups there exists a [G, π] G -type. This however, seems to still be beyond understanding for the present, with the answer only known for GL N (F ) (where there is a single conjugacy class) and SL N (F ) [Lat16, Lat15] .
Our goal in this paper is to establish this conjecture in the case that π is of depthzero. Recall that we say that an irreducible representation π of G is of depth-zero if it has a non-zero vector fixed by the pro-unipotent radical of some parahoric subgroup of G. We also answer the question of how many archetypes are contained in such a representation: there will turn out to be precisely one.
Unrefined depth-zero types
In [MP94,MP96,Mor99], Moy-Prasad and Morris construct natural conjugacy classes of types for depth-zero supercuspidals π. We briefly recall these constructions.
Definition 4.5. An (unrefined) depth-zero type in G is a pair (G x , σ) consisting of a parahoric subgroup G x of G and an irreducible cuspidal representation σ of
The etymology of these depth-zero types is due to the following: Theorem 4.6 ([Mor99, Theorem 4.5]). Let (G x , σ) be an unrefined depth-zero type in G. Then there exists a finite set S σ ⊂ B(G) such that (G x , σ) is an S σ -type. Any depth-zero irreducible representation π of G contains a unique G-conjugacy class of unrefined depth-zero types. Moreover, if G x is a maximal parahoric subgroup of G, then Irr Sσ (G) consists only of supercuspidal representations.
Morris also shows that there are natural relations between the unrefined depth-zero types in G and those in its Levi subgroups: certain of the unrefined depth-zero types in G are covers of those defined on a maximal parahoric subgroup of M, in the sense of [BK98] . We will require a slightly different formulation to that given by Morris in the non-cuspidal case. Unravelling Morris' approach, he takes an F -Levi subgroup M of G and an unrefined depth-zero type (M x , σ) in M, to which one associates a finite set S σ ⊂ B(M) as above. This set then defines a finite subset S ′ σ of B(G):
Morris then chooses an embedding B(M) ֒→ B(G) which maps the vertex x ∈ B(M) into some facet of positive dimension in B(G) which is associated to M by Proposition 3.9. To this facet corresponds a non-maximal parahoric subgroup J of G, and the representation σ of M x ⊂ J extends by the trivial character to a representation of J; the resulting pair (J, σ) is then a G-cover of (M x , σ). We may use Morris' result in the following form:
has an Iwahori decomposition with respect to any parabolic subgroup of G with Levi factor M. Moreover, λ is trivial on the upper-and lower-unipotent subgroups complementary to M in the Levi decompositions of parabolics containing M.
The significance of this cover is that it will be an S ′ σ -type [Mor99, Theorem 4.5]. In particular, any irreducible subquotient of c-Ind
λ must be non-cuspidal.
Refinement of depth-zero types
Given an unrefined depth-zero type (G x , σ), we wish to "refine" this type in order to obtain an s-type for each s ∈ S σ . Let K denote the maximal compact subgroup of the G-normalizer of G x ; if G x is a maximal parahoric subgroup of G then K is a maximal compact subgroup of G which contains G x as a normal subgroup of finite index. Note that one actually has an identification K =G x (O). 
Unicity on the level of parahoric subgroups
We first establish a partial result, which may be viewed as a unicity result on the level of unrefined types. This is our main technical result, and the proof will occupy the remainder of this section.
Theorem 5.1. Let π be a depth-zero supercuspidal representation of G, and let (G x , σ) be an unrefined depth-zero type contained in π. Suppose that y is a vertex in B(G) such that there exists some
Since our approach will rely on identifying explicit relations among the parahoric subgroups of G, we begin by fixing a notion of a standard parahoric subgroup. Fix, once and for all, a chamber X ⊂ B(G), and let i be an element of the interior of X; thus I = G i is an Iwahori subgroup of G. We refer to X as the standard chamber of B(G). Let P ∅ denote a parabolic subgroup of G with Levi factor the Levi subgroup associated to i and such that G i = (P ∅ ∩ G i )G + i , so that P ∅ is a minimal F -parabolic subgroup of G. We say that a parabolic subgroup P of G is standard if P ⊃ P ∅ , and that a parahoric subgroup G x of G is standard if x ∈ X.
Proof of Theorem 5.1. Since every parahoric subgroup of G is conjugate to a standard parahoric subgroup, π contains a depth-zero type (G x , σ) such that G x is standard. Our claim is then that, given any maximal parahoric subgroup G y of G, the irreducible subrepresentations τ of π ⇂ Gy are atypical for S σ , unless G x is conjugate to G y and τ is conjugate to σ. Alternatively, it suffices to check this for the standard maximal parahoric subgroups G y .
Certainly, π appears as a subquotient of c-Ind where we write K g = g G x ∩ G y . Any double coset in the space G x \G/G y admits a representative in W aff G ; we will always assume that the representative g is such a representative which is of shortest length (relative to the standard involutions generating W aff G ). In particular, this guarantees the following:
Lemma
Let M = M(F ) denote the F -Levi subgroup of G associated to z by Proposition 3.9, and let P = P(F ) denote the standard parabolic subgroup of G with Levi factor M. From Proposition 3.9, we obtain the following:
We now need to choose an embedding of B(M) into B(G), which comes down to choosing the image of z M . We let j M : B(M) ֒→ B(G) be an embedding which maps z M into the link of g · x in a way that g · x lies on the unique geodesic γ from j M (z M ) to y, and such that
Note that, while such an embedding exists, it is clearly not unique. It is, however, essentially unique for our purposes: its restriction to the link of z M in B(M) is unique up to the image in
of z M , which has no effect on the parahoric subgroups which will be defined via this embedding.
With this in place, we are ready to begin our examination of the representation τ . Since M
∩G y . As Ξ has already been noted to act trivially on this group, we deduce that:
So, in particular, the representation Ξ ⇂ Mz M identifies with a representation of
Given an irreducible subrepresentation ξ of Ξ ⇂ Mz M , we therefore have a notion of the cuspidal support of ξ, as the unique M -conjugacy class of pairs (L ξ , ζ ξ ) of cuspidal representations of Levi subgroups of M such that ξ is contained in the representation parabolically induced from (L ξ , ζ ξ ). Let Q ξ be a parabolic subgroup of M with Levi factor L ξ , standard in the sense that it contains the image in M of our fixed Iwahori subgroup I of G (which, upon intersection with M, gives an Iwahori subgroup of M). The following is then a simple observation:
Lemma 5.5. The inverse image in G y of Q ξ is a standard parahoric subgroup of G corresponding to some point w in the standard chamber of B(G), and one has a containment G w ⊂ G z .
Indeed, this inverse image must certainly be a parahoric subgroup of G contained in G z . Moreover, since it contains the inverse image of the minimal Levi in G y /G + y corresponding to our fixed Iwahori subgroup of G, it contains this Iwahori subgroup, and so corresponds to a point in the standard chamber.
As before, let L = L(F ) denote the F -Levi subgroup associated to the point w ∈ B(G), and let
With this in place, by Theorem 4.7, we are able to construct a G-cover
We begin by considering, for each fixed choice of irreducible representation ξ of
as above, the space Hom G (c-Ind
Since λ ξ is an extension of ζ ξ by the trivial character of the unipotent subgroups in the Iwahori decomposition of G j L (w L ) with respect to L, it must certainly be the case that λ ξ | J ξ ∩Kg is trivial on the upper and lower unipotent parts of the Iwahori decomposition of G j M (z M ) with respect to the standard parabolic subgroup of G with Levi factor M z M . This means that, if we knew that
, then we would be able to make the identification
where the latter space is clearly non-zero due to the construction of λ ξ as a cover of the cuspidal support of an irreducible subrepresentation of Ξ| Mz M . So it remains to check that
and g G x = G gx , it suffices to check that any of the generators obtained from Proposition 3.7 for the group
gx . This is straightforward. Now we return to the representation τ . Since, as ξ ranges over the irreducible subrepresentations of Ξ| Mz M , the images in Ξ of the elements of Hom Kg ( ξ Ind c-Ind G Gy τ (with the latter arising from τ → Ind Gy Kg Ξ) results in, for some ξ, a nonzero map c-Ind
So, by Frobenius reciprocity, the representation τ is contained in some irreducible subquotient of c-Ind G J ξ λ ξ , for some irreducible subrepresentation ξ of Ξ| Mz M . Since λ ξ is a G-cover of (L ξ , ζ ξ ), any such irreducible subquotient must be non-cuspidal, and so τ is contained in some non-cuspidal irreducible representation of G, and hence cannot be S σ -typical.
In the next section, it will be convenient for us to have a slight generalization of this result, showing that there do not exist any S σ -types defined on non-maximal parahoric subgroups of G:
Proposition 5.6. Let y ∈ B(G), and let π be a depth-zero supercuspidal representation of G. Let (G x , σ) be an unrefined depth-zero type contained in π. If y is not a vertex, then no irreducible subrepresentation of π| Gy may be S σ -typical.
Proof. Suppose that y is not a vertex. Since y is contained in the interior of a facet of positive dimension, there exists a vertex z ∈ B(G) such that G y ⊂ G z . Let Ξ be an irreducible subrepresentation of π| Gy = π| Gz | Gy . By Theorem 5.1, unless z is conjugate to x under the action of G, we may find a non-cuspidal irreducible representation π ′ of G in which Ξ is contained, which shows that Ξ is atypical for S σ . So, without loss of generality, we assume that G y ⊂ G x . Applying Theorem 5.1 again, we conclude that Ξ must be an irreducible subrepresentation of g σ| Gy for some g ∈ N G (G x ).
Projecting onto the reductive quotient G x /G + x , we see that Ξ is an irreducible subrepresentation of the restriction of σ to the proper parabolic subgroup P = G y /(G y ∩G + x ) of G x /G + x . Let P have a standard Levi decomposition P = M N , and let ξ be an irreducible subrepresentation of the restriction to M of Ξ, so that ξ has cuspidal support (L , ζ), say. Let Q denote the standard parabolic subgroup of G x /G + x with Levi factor L , and let Q op denote the parabolic subgroup opposite to Q. Forming the inverse image in G x of Q op , we obtain a parahoric subgroup G w corresponding to some point w ∈ B(G). One obtains an identification G w /G + w = L , and the pair (G w , ζ) is an unrefined depth-zero type. Now, just as in the proof of Theorem 5.1, the space Hom G (c-Ind G Gw ζ, c-Ind G Gy Ξ) surjects onto the space Hom Gw∩Gy (ζ, Ξ). The group G w ∩ G y is the inverse image in G x of Q op ∩ P, which is precisely L . Since ζ is the cuspidal support of the irreducible subrepresentation ξ of Ξ| M , this latter space is certainly non-zero. So we see that c-Ind G Gy Ξ contains a non-cuspidal irreducible subquotient, which, by Frobenius reciprocity, is to say that Ξ must be atypical.
Extension to archetypes
So it remains for us to consider the impact of Theorem 5.1 once one performs an extension to refined depth-zero types. Any maximal compact subgroup of G contains finitely many parahoric subgroups of G, but not every maximal compact subgroup must contain a maximal parahoric subgroup -for example, given a ramified quadratic extension E/F , the group U(1, 1)(E/F ) contains a maximal compact subgroup of orthogonal type, the only parahoric subgroup in which is an Iwahori subgroup. Given a maximal compact subgroup K of G, the maximal compact subgroup of the Gnormalizer of the largest parahoric subgroup contained in K coincides with K. We wish to see that if a [G, π] G -type τ is defined on K, then K must contain G x and τ must be isomorphic to a subrepresentation of Ind K Gx σ -that is to say, we wish to see that the refined depth-zero types are precisely the archetypes for depth-zero supercuspidals.
In order to avoid worrying about conjugacy, let us adopt the convention that, when speaking of an archetype (K, τ ), any parahoric subgroup contained in K is standard (as is clearly possible).
We resume the notation of section 5. In particular, π is a depth-zero supercuspidal representation of G containing an unrefined depth-zero type (G x , σ), with x a vertex in the standard chamber of B(G).
Lemma 6.1. Let π be a depth-zero supercuspidal representation of G, and let (K, τ ) be a [G, π] G -archetype. Then, up to G-conjugacy, K contains the maximal parahoric subgroup G x of G on which the unrefined depth-zero type for π is defined, and τ | Gx is isomorphic to a sum of unrefined depth-zero types, which are pairwise K-conjugate.
Proof. Let y be such that G y is the largest parahoric subgroup contained in K, so that K is the maximal compact subgroup of the normalizer of G y (note that y will be a vertex if and only if K normalizes the parahoric subgroup corresponding to some vertex). Since τ ֒→ π| K , we have that τ | Gy ֒→ π| Gy , and we have seen by Proposition 5.6 that any irreducible subrepresentation of this latter representation which is not an unrefined depth-zero type must be contained in an irreducible depth-zero noncuspidal representation of G. So pick an irreducible subrepresentation ρ of τ | Gy , and suppose for contradiction that ρ is contained in such a non-cuspidal representation π ′ . The representation π ′ contains an unrefined depth-zero type (G w , σ ′ ) with G w a non-maximal standard parahoric subgroup of G; let R denote the subrepresentation of c-Ind G Gw σ ′ generated by ρ. Since ρ is irreducible, it is generated by a single vector v, say. By Frobenius reciprocity, the representation c-Ind G Gw σ contains a canonical copy of ρ, and we see that R coincides with the subrepresentation of c-Ind
As R is finitely generated, it admits an irreducible quotient Ψ, say. Since R is contained in the category Rep S σ ′ (G), which is closed under taking quotients, we see that Ψ contains σ ′ , and so Ψ has a vector fixed by G + w . Now, as Ψ is a quotient of the representation R, which we generated by ρ, and Ψ has a vector fixed by G + w , we deduce that ρ has a vector fixed by G y ∩ G + w . In particular, τ must also have a vector fixed by G y ∩ G + w . We claim that, given any point w ∈ B(G) and any point y ∈ B(G) contained in the interior of a facet of higher dimension than y, there exists a g ∈ G such that G In order to avoid this contradiction, we conclude that the restriction to G y of τ is a sum of unrefined depth-zero types. So by Proposition 5.6, y must be a vertex, and moreover, by Theorem 5.1, y must be conjugate to x under the action of G. The result follows, with the fact that the components of τ | Gx are pairwise K-conjugate following by Clifford theory.
With this in place, we come to our main result:
Theorem 6.2 (The unicity of types for depth-zero supercuspidals). Let π be a depthzero supercuspidal representation of G.Then there exists a unique [G, π] G -archetype (K, τ ). The group K contains a maximal parahoric subgroup G x of G, and the restriction to G x of τ is isomorphic to a sum of unrefined depth-zero types contained in π.
Proof. The existence of such an archetype is Theorem 4.8. So let (K, τ ) be such a [G, π] G -archetype, and let (G x , σ) be an unrefined depth-zero type contained in π, with G x standard. We have seen that, without loss of generality, we may assume that K contains G x and τ | Gx is isomorphic to a sum of conjugates of σ (possibly with multiplicity). So the [G, π] G -archetypes are exhausted by the [G, π] G -typical subrepresentations of Ind K Gx σ. There is a unique conjugacy class of such representations.
Indeed, let τ ′ be another such representation, which, without loss of generality, we assume to be a representation of K. Since both τ and τ ′ are [G, π] G -types, π arises as a subquotient of both c-Ind G K τ and c-Ind G K τ ′ , so that τ and τ ′ intertwine in G, i.e. there exists a g ∈ G such that Hom K∩ g K (τ, g τ ′ ) = 0. Certainly τ | Gx must then also intertwine with τ ′ | Gx , which, by Frobenius reciprocity, implies that that there exists a g ∈ G such that
We have seen that the restriction to G x of τ is a sum of unrefined depth-zero types,
On the other hand, we know by Theorem 5.1 that any subrepresentation of
and K is the unique maximal compact subgroup in which G x is contained, we must have
In particular, we have established Conjecture 4.4 in the case of a depth-zero supercuspidal representation of an arbitrary group.
The Langlands correspondence of DeBacker and Reeder
Having completely described the unicity of types for depth-zero supercuspidals, we now turn to the question of how this fits in with the local Langlands correspondence. In order to be able to do this, we must restrict to the case where a local Langlands correspondence has been established for the depth-zero supercuspidal representations. Recall that an inner form of a connected reductive F -group H is a connected reductive F -group H ′ with H × FF ≃ H ′ × GF ; we extend this definition in to natural way to the p-adic groups of F -points. The inner forms of G are naturally parametrized by the image in
, which is in general neither injective or surjective; we say that an inner form of G is pure if it corresponds to a cohomology class in the image of this map. For the remainder of the paper, we impose the following hypothesis:
Hypothesis 7.1. We assume that G is a pure inner form of an unramified group, i.e. there exists a pure inner form of G which is F -quasi-split and E-split for some finite unramified extension E/F . This assumption is precisely that which is required for us to have a suitable Langlands correspondence for (a certain subset of) the depth-zero supercuspidal representations of G. We begin by recalling some generalities on the local Langlands correspondence.
Denote by W F the Weil group of F , i.e. the locally profinite subgroup of Gal(F /F ) generated by the inertia group I F = Gal(F /F ur ) and some fixed choice Frob of Frobenius element. Let I + F denote the wild inertia group, i.e. the maximal pro-p open normal subgroup of I F . The tame inertia group is then the quotient I
The F -group G is classified by its based root datum, together with the action of W F on this datum. Under the natural duality on root data induced from the root-coroot duality, G then corresponds to a unique connected reductive algebraic groupĜ defined over C. Moreover, the natural action of W F on the root datum of G then defines an action of W F on that ofĜ, and hence onĜ itself. The Langlands dual group of G is then defined to be the semidirect product L G = W F ⋉Ĝ. Since the action of W F will always factor through a finite quotient, there is an identification of L G with a reductive group defined over C, the component group of which is finite; we will implicitly identify L G with a group of this form throughout the following discussion. An L-parameter for G is then a homomorphism W F × SL 2 (C) → L G which is continuous upon restriction to W F , algebraic upon restriction to SL 2 (C), and such that the image of Frob is a semisimple element. Say that two L-parameters are equivalent if they are conjugate in L G, and denote by L(G) the set of equivalence classes of L-parameters for G. The local Langlands conjectures then predict that there should exist a unique surjective, finite-to-one map Irr(G) → L(G) satisfying a number of natural properties. The fibres of this map then partition Irr(G) into finite sets, which we call L-packets.
We will be interested in certain classes of L-parameters. Say that an L-parameter ϕ is discrete if its image is not contained in any proper Levi subgroup of L G, and tame if the restriction of ϕ to I + F is the trivial homomorphism. We note that while an L-packet should contain a discrete series representation of G if and only if it contains only discrete series representations (which should occur precisely when the corresponding L-parameter is discrete). We emphasize it is not the case that an Lpacket containing a supercuspidal representation should consist only of supercuspidal representations. On the other hand, however, the elements of an L-packet should all be of the same depth, and an L-packet should contain a depth-zero representation if and only if the corresponding L-parameter is tame. If ϕ is a discrete parameter, then we say that ϕ is regular if the action of SL 2 (C) is trivial; thus we can (and will) identify regular L-parameters with homomorphisms W F → L G.
In [DR09] , for a group G satisfying Hypothesis 7.1, DeBacker and Reeder associate a finite L-packet of depth zero supercuspidal representations to a large number of the tame discrete L-parameters for G. We now give a brief recap of the relevant parts of this construction.
We will be interested in tame regular semisimple elliptic L-parameters (or TRSELPs for short). These are tame regular parameters of a specific form. Since W F is topologically generated by I F and Frob, a tame regular parameter ϕ : W F → L G is completely determined by the data of a homomorphism I →T for some maximal torusT in L G satisfying CL G (T) =T; and (ii) an element f ∈N = NL G (T) satisfying certain conditions which will not be important for our purposes; see [DR09, Section 4.1] for the details. We denote by L tame,reg (G) the set of equivalence classes of TRSELPs.
For the remainder of the paper, since we will need to define a large number of classes of objects via TRSELPs, for readability we will abuse terminology slightly and drop the adjective "semisimple elliptic" from our notation. In the case that the centre of G is connected, the TRSELPs should be precisely those tame regular parameters corresponding to L-packets which consist only of depth-zero supercuspidal representations. In the case that G does not have a connected centre, then the TRSELPs should be the tame regular parameters corresponding to L-packets consisting of supercuspidal representations which are generic in some sense -for example, when F is of odd residual characteristic, then the L-packets in Irr(SL 2 (F )) which contain depth-zero supercuspidals generically contain two elements; there exists a unique such packet containing four elements (corresponding to the unique representation of GL 2 (k F ) which restricts reducibly to SL 2 (k F )), the parameter of which is not a TRSELP. Definition 7.3. A tame regular inertial type for G is the restriction to I F of an element of L tame,reg (G). Note that this is equivalent to defining a tame regular inertial type to be a homomorphism s : I tame F → L G as in Definition 7.2. Say that two tame regular inertial types s, s ′ are equivalent if there exist choices f, f ′ such that the TRSELPs (s, f ) and (s ′ , f ′ ) are equivalent, and denote by I tame,reg (G) the set of equivalence classes of tame regular inertial types.
In particular, a TRSELP consists precisely of the data of an underlying tame regular inertial type together with a compatible action of Frob; thus we get a well-defined surjective map Res
With this in place, we are ready to sketch out the construction of the L-packet associated to a TRSELP. Fix a choice ϕ = (s, f ) ∈ L tame,reg (G) of TRSELP. Let T ⊂ G be the maximal split torus, and write X = X * (T). Letθ denote the automorphism of L G arising from the action of Frob (via the action of W F on L G inherited from the action of W F on the root datum of G). This automorphismθ then gives a dual automorphism ϑ of X. Moreover, upon restriction toT, the element ϕ(Frob) of L G normalizesT and acts by an element of the formθŵ, for someŵ in the Weyl group ofT. This elementŵ then also gives a dual automorphism w of X. We denote by X w the pre-image in X of [X/(1 − wϑ)X] tors . Now fix a choice of λ ∈ X w . To λ, one may associate a certain 1-cocycle u λ [DR09, Section 2.7]; the twisted Frobenius F λ = Ad(u λ ) • Frob acts on the apartment A (G, T) and stabilizes a unique vertex x λ ; we therefore obtain for each λ ∈ X w a maximal parahoric subgroup G λ of G.
Moreover, by the local Langlands correspondence for tori (which is well-known, but reproved in the depth zero setting in [DR09, Section 4.3]), the homomorphism s : I tame F →T corresponds to a character of T(F ). DeBacker and Reeder associate to (ϕ, λ) a group T λ = T λ (F ) of F -points of a certain conjugate T λ of T, and hence a character θ λ of T λ . This character will be of depth-zero in the sense that it will be trivial on T λ ∩ G + λ , but non-trivial on T λ ∩ G λ . In particular, we may identify θ λ with a character of the torus in the reductive quotient G λ /G + λ obtained as the image of T λ ∩ G λ . Deligne-Lusztig theory then gives a virtual representation R
At this point, the "genericity" property of a TRSELP (as opposed to an arbitrary tame regular L-parameter) guarantees that the character θ λ is in general position, so that one of ±R θ λ T λ will be an irreducible cuspidal representation σ λ of G λ /G + λ . We therefore obtain an unrefined depth-zero type (G λ , σ λ ). each such [G, π] G -archetype (K, τ ) restricts to the unique conjugacy class of maximal parahoric subgroups contained in the conjugacy class of K as a direct sum of pairwise G-conjugate unrefined depth-zero types, there is a canonical surjective map A tame,reg (G) → D tame,reg (G). Moreover, since π ∈ Irr tame,reg (G) contains a unique element of D tame,reg (G) and a unique element of A tame,reg (G), there are also canonical surjective maps T : Irr tame,reg (G) → A tame,reg (G) and D : Irr tame,reg (G) → D tame,reg (G); it is clear that D factors through T via canonical map A tame,reg (G) → D tame,reg (G).
Theorem 8.1 (The tame inertial Langlands correspondence). Let G be a pure inner form of an unramified p-adic group.
(i) There exists a unique surjective, finite-to-one map iner D : D tame,reg (G) → I tame,reg (G) such that the following diagram commutes:
Given ϕ ∈ L tame,reg (G), one has #iner
(ii) There exists a unique surjective, finite-to-one map iner : A tame,reg (G) → I tame,reg (G) such that the following diagram commutes;
The map iner factors uniquely through iner D via the canonical map A tame,reg (G) → D tame,reg (G) and, given ϕ ∈ L tame,reg (G), one has
Proof. Let R : A tame,reg (G) → Irr tame,reg (G) be any map which, to an archetype (K, τ ), assigns an irreducible subquotient of c-Ind G K τ ; we then define iner = Res
•rec • R. This is well-defined: since (K, τ ) is a [G, π] G -archetype for some π ∈ Irr tame,reg (G), any two subquotients of c-Ind G K τ are unramified twists of one another; however, given an unramified character ω of G, restricting to I F induces an isomorphism between rec(π)| I F and rec(π ⊗ ω)| I F . It follows immediately that iner is the unique map A tame,reg (G) → I tame,reg (G) such that the diagram in (ii) commutes. Since rec and Res
are surjective, it follows that iner is also surjective.
We now establish (i). Fix a map A : D tame,reg (G) → A tame,reg (G) which, to each unrefined depth-zero type (G x , σ), assigns an irreducible subrepresentation of Ind −1 (ϕ), which is injective since a depth-zero irreducible representation of G contains a unique conjugacy class of unrefined depth-zero types. Moreover, this map is clearly seen to be surjective: given a TRSELP ϕ and an element π of rec −1 (ϕ), we have noted that π contains an unrefined depth zero type which, by the commutativity of the above diagram, is contained in iner for certain finite reductive groups, via p-adic methods. In particular, this provides -for certain groups -a correspondence between cuspidal irreducible representations of finite reductive groups and certain homomorphisms from the inertia group to complex tori. One interpretation of the above result is that it shows that the DeBacker-Reeder construction subsumes Macdonald's result, providing via the map iner D a similar correspondence. (ii) In the case that the maximal parahoric subgroups of G are all maximal as compact subgroups of G (as happens, for example, when G is semisimple and simply connected) the sets A tame,reg (G) and D tame,reg (G) and the maps iner and iner D coincide; in particular, in this case the description of the inertial correspondence consists simply of the statement (i) above. (iii) The reader should note that the definitions of iner and iner D do not rely on our unicity results: one can see that these are the unique well-defined surjective maps making the appropriate diagrams commute without knowing anything about unicity. However, the real strength of the above result is in the description of the fibres of these maps, for which our unicity results are crucial. (iv) An undesirable aspect of our result is that we only obtain a description for Irr tame,reg (G). There should exist a more general correspondence, but there are a number of obstacles preventing the proof of such a result. Firstly, and most significantly, we do not yet have a construction of the local Langlands correspondence for arbitrary depth-zero irreducible representations of G; in particular, this prevents the observation that any map analogous to iner D is well-defined from being made. On top of this, there are two further serious complications. Firstly, the relationship between depth-zero types and archetypes becomes far more complicated, meaning that describing the fibres of iner via such a simple formula is unlikely to be possible. For example, in GL 2 (F ), one already sees that while the Steinberg representation contains a unique unrefined depth-zero type (the trivial representation of the Iwahori subgroup), it contains two archetypes: the trivial representation of GL 2 (O), and the inflation to GL 2 (O) of the Steinberg representation of GL 2 (k). Finally, there are additional complications in the proof of unicity which would require methods distinct to those employed in this paper. It is likely that our methods would suffice only to show that any typical representation of a maximal parahoric subgroup of G is contained in a certain infinite length representation corresponding to the trivial Mackey summand here. Once one considers representations with supercuspidal support defined on a proper parabolic subgroup, this summand is no longer irreducible.
